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Abelian and non-Abelian topological phases exhibiting protected chiral edge modes are ubiquitous
in the realm of the Fractional Quantum Hall (FQH) effect. Here, we investigate a spin-1 Hamiltonian
on the square lattice which could, potentially, host the spin liquid analog of the (bosonic) non-
Abelian Moore-Read FQH state, as suggested by Exact Diagonalisation of small clusters. Using
families of fully SU(2)-spin symmetric and translationally invariant chiral Projected Entangled Pair
States (PEPS), variational energy optimization is performed using infinite-PEPS methods, providing
good agreement with Density Matrix Renormalisation Group (DMRG) results. A careful analysis
of the bulk spin-spin and dimer-dimer correlation functions in the optimized spin liquid suggests
that they exhibit long-range “gossamer tails”. We argue these tails are finite-D artifacts of the
chiral PEPS, which become irrelevant when the PEPS bond dimension D is increased. From the
investigation of the entanglement spectrum, we observe sharply defined chiral edge modes following
the prediction of the SU(2)2 Wess-Zumino-Witten theory and exhibiting a conformal field theory
(CFT) central charge c = 3/2, as expected for a Moore-Read chiral spin liquid. We conclude that
the PEPS formalism offers an unbiased and efficient method to investigate non-Abelian chiral spin
liquids in quantum antiferromagnets.
PACS numbers: 75.10.Kt, 75.10.Jm
I. INTRODUCTION AND MODEL
The two-dimensional (2D) electron gas experiencing
long-range Coulomb repulsion and subject to a strong
magnetic field – hence breaking time-reversal (TR) sym-
metry – can exhibit plethora of topological Fractional
Quantum Hall (FQH) phases at simple rational filling
fractions ν [1]. FQH states are characterized by topolog-
ical order – the ground state (GS) degeneracy depends
on the system topology [2, 3] – and by chiral edge modes
localized at the system boundaries (if any) and propa-
gating in one direction only [4, 5]. Such edge modes are
gapless and described by known (1+1)-dimensional Con-
formal Field Theories (CFT). The bulk excitations of the
FQH states are fractionalized anyons [6] which could have
either Abelian statistics, as in the Laughlin state [7], or
non-Abelian statistics [8, 9], as in the Moore-Read (MR)
state [10]. Non-Abelian SU(2)k anyons (for k > 1) are de-
scribed by well-known deformations of SU(2), in which
only the first k + 1 angular momenta j = 0, 12 , 1, · · · k2
of SU(2) occur. The MR state harbors j = 12 Ising
anyons (realized for k = 2), descendants of vortices in
(two-dimensional) p + ip superconductors [11, 12], and
exhibiting simple fusion rules, 12 × 12 → 0 + 1.
Fractional Chern Insulators (FCI) [13, 14] offer the
most direct implementation of the FQH physics on the
lattice, still requiring a (gauge) magnetic field to gen-
erate electronic bands with non-trivial topological prop-
erties (i.e. non-zero Chern numbers), and strong (local)
interactions. In the case of Mott insulators, such as those
realizing quantum magnets, the appropriate setting to re-
alize FQH physics is less clear. It is well known, neverthe-
less, since the pioneering work of Kalmeyer and Laugh-
lin (KL) [15], that simple FQH wavefunctions (such as
the Abelian bosonic ν = 1/2 Laughlin state) can be
“localized” on the sites of a 2D lattice in order to re-
alize chiral (singlet) spin liquids (CSL) [16], spin analogs
of the parent FQH states. However, it is largely un-
known whether and under which conditions simple local
Hamiltonians describing (frustrated) quantum antiferro-
magnets can host such spin liquids, in particular the non-
Abelian ones. Recent numerical investigations of a spin-
1/2 chiral Heisenberg antiferromagnetic model (HAFM)
on the kagome´ lattice [17, 18] suggest that a scalar chiral
interaction on all triangular units can indeed stabilize a
spin liquid of the ν = 1/2 KL type. Similar Abelian CSL
were also uncovered in spin-1/2 chiral antiferromagnets
on the triangular lattice [19, 20]. Interestingly, the CSL
can also emerge in spin-1/2 time-reversal invariant frus-
trated magnets [18, 21]. Kitaev’s anisotropic honeycomb
model in the presence of an external magnetic field [22] is,
so far, the only indisputable example of a local (lattice)
Hamiltonian hosting a non-Abelian CSL, but local spin-
1 Hamiltonians on triangular and kagome lattices have
also been proposed [23, 24]. A definite identification of
local SU(2)-invariant models realizing non-Abelian CSL
is therefore needed and the goal of this study.
Further progress in the field of chiral SL have been
launched by the constructions of parent quantum spin
Hamiltonians [25–28] designed to host various spin
analogs of the FQH liquids. For example, by rewriting
KL-like states as correlators of CFT primary fields, a
systematic construction of parent Hamiltonians can be
obtained. It turns out that, generically, the obtained
parent Hamiltonians show long range (algebraic) interac-
tions. For example, SU(2)-invariant spin-1/2 and spin-
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21 Hamiltonians with long range 3 site-interactions (like
Si · (Sj × Sk)) have been found to realize the bosonic
(Abelian) Laughlin and (non-Abelian) Moore-Read FQH
phases, respectively [27, 29]. Using such a construction,
it was also shown that the spin-1/2 KL spin liquid ex-
hibits the expected chiral edge states [30]. Furthermore,
it was argued that local chiral antiferromagnetic Heisen-
berg models based on some truncation and fine-tuning of
the parent Hamiltonians also host the same topological
Abelian [31, 32] and non-Abelian phases [29]. Similarly
to the non-Abelian Kitaev’s phase on the hexagonal lat-
tice [22, 33], the spin-1 non-Abelian CSL is expected to
host Ising anyons in the bulk. However, the proposed
spin-1 local chiral HAFM is quite far from the initial par-
ent Hamiltonian and its detailed investigation is called
for.
Besides KL and CFT constructions, topological chiral
spin liquids can also be designed using the framework
of Projected Entangled Pair States (PEPS) [34–38], a
class of 2D tensor networks [39]. Generally, topologi-
cal order can be easily implemented in PEPS from lo-
cal gauge symmetries [40]. The simplest chiral PEPS
is based on a chiral extension [41, 42] of the spin-1/2
Resonating Valence Bond (RVB) state [43–45], origi-
nally defined by Anderson as an equal-weight superpo-
sition of valence bond configurations [46]. Such a sim-
ple PEPS turned out to be critical although, surpris-
ingly, exhibiting well-defined chiral edge modes consis-
tent with the SU(2)1 Wess-Zumino-Witten (WZW) CFT
of central charge c = 1. A more general and system-
atic construction of PEPS chiral (and non-chiral [47])
spin liquids has been made recently possible, thanks to a
general classification of SU(2) and translationally invari-
ant PEPS according to their symmetry properties un-
der point group operations [48]. Combining this classi-
fication with a Corner Transfer Matrix Renormalization
Group (CTMRG) algorithm [49], one of us investigated
the physics of the simple spin-1/2 chiral HAFM men-
tioned above [50]. Topological order was identified from
sharply defined chiral edge modes but, surprisingly, nu-
merical results suggested critical correlations in the bulk,
as for the simpler chiral RVB analog. Whether this fea-
ture is a generic property of chiral PEPS [51] is not clear
so far. Investigation of new chiral HAFM using PEPS
methods is therefore necessary.
Here, we shall consider the spin-1 chiral HAFM defined
on the two-dimensional square lattice, as introduced in
Ref. 29 :
H = J1
∑〈
i,j
〉Si · Sj + J2 ∑〈〈
k,l
〉〉Sk · Sl
+K1
∑〈
i,j
〉(Si · Sj)2 +K2 ∑〈〈
k,l
〉〉(Sk · Sl)2
+Kc
∑

[Si · (Sj × Sk) + Sj · (Sk × Sm)
+Si · (Sj × Sm) + Si · (Sk × Sm)], (1)
where the first and third sums are taken over nearest-
neighbor (NN) bonds and the second and fourth sums
run over next-nearest-neighbor (NNN) bonds. The chi-
ral term of amplitude Kc is defined on every plaquette
of four sites (i, j, k,m) ordered in (let say) clockwise di-
rection. The parameters entering (1) have been obtained
by a careful fine tuning, optimizing the overlap of the
exact GS on small finite-size clusters with the lattice
CFT correlator describing the non-Abelian Moore-Read
FQH state (on the lattice) [29]. We will here adopt these
fine-tuned parameters (retaining only 3 digits), J1 = 1,
J2 = 0.623, K1 = −0.176, K2 = 0.323 and Kc = 0.464.
Note that the related spin-1/2 chiral HAFM introduced
in Ref. 27 and studied in Ref. 50 contains only the J1
and J2 bilinear terms and the Kc chiral term since the
biquadratic interactions K1 and K2 become irrelevant for
spin-1/2.
In order to explore the physics of the above model, we
combine different numerical techniques such as Lanczos
Exact Diagonalisations (LED), Density Matrix Renor-
malization Group (DMRG) [52] and tensor network
methods [34–38], all reviewed in Sec. II. In particular, we
shall focus on spin-1 SU(2)-symmetric PEPS to describe
the chiral spin liquid phase. More precisely, we construct
(disconnected) families of PEPS breaking time-reversal
(T) and parity (P) symmetries – without breaking PT
– providing a faithful representation of chiral spin liq-
uids directly in the thermodynamic limit. In contrast
to usual PEPS calculations, which approach the ground
state of the model via imaginary time evolution (and
could get trapped in local minima), we use a more el-
egant and secure framework based on a variational opti-
mization scheme (combined with a CTMRG algorithm),
taking advantage of the reduced number of variational
parameters in the fully symmetric ansatz.
Using such state-of-the-art numerical techniques, we
shall address a number of important issues. First, in
Sec. III, we shall investigate the property of the bulk
system, i.e. whether it exhibits short range correlations
like its ”parent” FQH Moore-Read state or whether it is
critical such as the spin-1/2 chiral PEPS analog. Second,
in Sec. IV, we shall consider the edge spectrum, seeking
to characterize topological chiral order, and looking for
evidence of its non-Abelian character. Finally, we shall
discuss the results in the last section, and make some
conjecture. Experimental setups will also be briefly dis-
cussed.
II. SHORT SUMMARY OF NUMERICAL
METHODS
A. Lanczos exact diagonalisations
In Refs. 29, the parameters of the spin-1 model have
been obtained using exact diagonalization of small lat-
tices (up to 4 × 4) on the plane or on the cylinder, fine
tuning the overlap of the exact GS with the targeted non-
3Abelian chiral state. Here we diagonalize, using Lanczos
ED methods, 4×4 and√20×√20 square tori – exhibiting
the full translation and (at least) C4 point group symme-
tries of the square lattice – to investigate the low-energy
spectrum of the model. In contrast to the planar geom-
etry, in the case of a torus geometry the GS is expected
to become degenerate (3-fold degenerate for the Moore-
Read state) in a gapped topological phase and in the limit
of very large sizes. Hence, fundamental differences from
the previous computations are expected, even on small
clusters.
B. Density Matrix Renormalization Group
A standard approach for matrix product state (MPS)
simulations of 2D systems consists in studying cylinders
(with N = L ×W sites, L > W ) with periodic (respec-
tively open) boundary conditions in the short (respec-
tively long) dimension. We have used the ITensor library
for these calculations [53], in particular using total Sz
conservation. We have observed that convergence is very
hard to achieve for W > 8 due to the large entanglement
entropy of a half-system and the maximum number of
states kept in the simulation was m = 2, 000. This may
be related to criticality of the system (see later) or large
correlation length. Therefore, we have used MPS com-
putations as a way to extract the ground-state energy
per site e0(L,W ). First, for a given system size L ×W ,
we can extrapolate the total energy vs discarded weight.
Then, at fixed width W , we can estimate e0(W ) by ex-
trapolating e0(L,W ) vs 1/L. Another estimate of the
same quantity can be obtained from different cylinders
of width W and lengths L1 and L2, simply by subtract-
ing total energies E0:
e0(W ) =
E0(L2,W )− E0(L1,W )
L2 − L1 , (2)
which has the advantage to reduce finite-size effects due
to the open boundaries on the edges. At last, we can
extrapolate e0(W ) vs 1/W as shown in subsection III B.
Quite interestingly, we can also obtain an exact up-
per bound using cylinders with open boundary conditions
(OBC) in both directions, and using their ground-state
wavefunctions as a variational one for the infinite sys-
tem [54]. These values are also reported in subsection
III B.
C. iPEPS method
1. Singlet chiral PEPS ansatz
Our infinite-PEPS (iPEPS) method – directly in the
thermodynamic limit – relies first on the construction of
generic PEPS ansa¨tze fulfilling all the necessary symme-
try properties of the targeted chiral spin liquid. First, for
convenience, we apply a pi-rotation along the Y spin axis
on all sites of one of the two sublattices, which enables to
express the (approximate) GS wave function(s) in terms
of a unique site tensor Asαβγδ (instead of two, one for
each sublattice), where the greek indices label the states
of the D-dimensional virtual space V attached to each
site in the z = 4 directions of the lattice, and s = 0,±1
is the Sz component of the physical spin-1. A chiral spin
liquid bears symmetry properties that greatly constrain
the PEPS ansatz. To construct such an ansatz, we use
a general classification of all (translationally-invariant)
SU(2)-symmetric (i.e. invariant under any spin rotation)
PEPS proposed recently [48], in terms of the five irre-
ducible representations (IRREPs) A1, A2, B1, B2 and E
of the square lattice C4v point group [55]. In this set-
ting, the virtual space V is defined as any direct sum of
SU(2) IRREPs. Since the chiral spin liquid only breaks
P and T but does not break the product PT, the sim-
plest adequate PEPS complex tensors have the following
forms,
A = A1 + iA2 =
N1∑
a=1
λ1aAa1 + i
N2∑
b=1
λ2bAb2, (3)
B = B1 + iB2 =
M1∑
a=1
µ1aBa1 + i
M2∑
b=1
µ2bBb2, (4)
graphically shown in Fig. 1(a), where the real elementary
tensors Aa1 (Ba1) and Ab2 (Ba2) have the same set of vir-
tual spins and transform according to the A1 (B1) and
A2 (B2) IRREP of the point group C4v of the square lat-
tice. N1 and N2 (M1 and M2) are the numbers of such
elementary tensors in each class, respectively. λ1a and λ
2
a
(µ1b and µ
2
b) are arbitrary real coefficients of these ten-
sors. Note that, in the atomic orbital language, A and
B would correspond to s+ ig and dx2−y2 + idxy orbitals,
respectively. The PEPS wavefunction is obtained by the
contraction of all site tensors (i.e. by summing all virtual
indices on the links).
The symmetric tensors up to D ≤ 6 have been tabu-
lated in Ref. 48, and their numbers DA = N1 + N2 and
DB = M1 + M2, for the most relevant virtual spaces V,
are listed in Table I. For each choice of the virtual space,
Eqs. (3) and (4) then provide two families of PEPS. From
the table of characters of the C4v IRREPs, it is clear that
A → A¯ and B → ±B¯ under any of the point group re-
flexions, Rx and Ry along the crystallographic axes, and
Rx+y and Rx−y along the ±45-degree directions. Hence,
the corresponding PEPS wave function transforms into
its complex conjugate, which is equivalent (for a singlet
state) to the effect of applying time reversal symmetry.
Our chiral PEPS also exhibit a very important gauge
symmetry encoded at the level of the local A and B ten-
sors. More precisely, the number of spins 1/2 (or half-
integer spins, in general) present in the set of virtual
degrees of freedom attached to each site is always even.
The Z2 gauge symmetry linked to this parity conserva-
tion is at the origin of the topological order sustained by
4TABLE I. Numbers of independent SU(2)-symmetric spin-
1 tensors for the different virtual spaces we consider, D ≤
6. The third (fourth) column gives the number of A1/B1
(A2/B2) tensors and the last column contains the total num-
bers DA / DB of tensors entering Eq. (3) / Eq. (4). ∗ means
the states of the PEPS family are all real (i.e. non chiral).
V D N1/M1 N2/M2 DA / DB
1
2
⊕ 0 3 2 / 2 0 / 1 2∗ / 3∗
1
2
⊕ 1
2
4 6 / 9 4 / 3 10 / 12
1⊕ 0 4 3 / 5 3 / 1 6 / 6
1
2
⊕ 1
2
⊕ 0 5 12 / 13 5 / 6 17 / 19
1⊕ 1
2
5 5 / 5 3 / 4 8 / 9
1⊕ 1
2
⊕ 0 6 13 / 13 8 / 9 21 / 22
the PEPS [40].
2. CTMRG algorithm
Once PEPS families have been constructed, the sec-
ond step is to optimize the Hamiltonian energy w.r.t.
the tensor parameters, for each class separately. The
reduced number of parameters (obtained thanks to the
implementation of the full state symmetries) allows to
perform a ”brute force” optimization. For each set of
PEPS parameters, one then needs to compute the cor-
responding variational energy, in order to ”feed” an effi-
cient minimization routine i.e. one based on a Conjugate
Gradient (CG) method. The variational energy compu-
tation is done directly in the thermodynamic limit us-
ing the CTMRG algorithm [49]. After constructing the
double-layer tensor E of Fig. 1(b), one obtains, using a
real-space RG method, the environment of Fig. 1(c) sur-
rounding the active 2× 2 region and involving the CTM
C and T tensors shown in Figs. 1(d)(e). The Identity
matrix or the Hamiltonian is then inserted in the active
region (between the two layers) to compute the energy
per site. Note that, for our chiral PEPS, all C and T
tensors in Fig. 1(c) are identical by symmetry (and the
C matrix remains Hermitian after each CTMRG step),
which simplifies significantly the CTMRG procedure.
3. Uniform MPS method
An alternative method for computing effective envi-
ronments for PEPS in the thermodynamic limit relies on
uniform matrix product states (MPS). A transfer ma-
trix is constructed by repeating the double-layer tensor
E (Fig.1(b)) on an infinite linear chain, and we find the
transfer-matrix fixed point as a uniform MPS using vari-
ational optimization [56]. After repeating this procedure
A
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FIG. 1. CTMRG for the chiral PEPS with one-site unit
cell. (a) A1 + iA2 PEPS tensor A. (b) Double tensor E
obtained by tracing out physical indices E =
∑
s A¯sAs (or
E =
∑
s B¯sBs), where A¯s (B¯s) is the complex conjugate of As
(Bs). (c) CTMRG environment for 2× 2 cluster, constructed
from the (real) corner matrix C and the (hermitian) boundary
tensor T , depicted separately in (d) and (e), respectively. The
environment bond dimension is chosen to be χ = kD2(k ∈
N+). The energy density is calculated by inserting either the
identity operator or the local hamiltonian operator in the red
shaded 2 × 2 cluster. (f) and (g) are the transfer matrices
constructed from the T tensor only, and from the T and E
tensors, respectively. The maximal correlation length can be
obtained from the largest two eigenvalues of both transfer
matrices (see text).
in different lattice directions, we find effective environ-
ments and we can compute observables from the PEPS.
Additionally, the use of channel environments [57] allows
to compute correlation functions directly in momentum
space.
III. RESULTS ON BULK PROPERTIES
A. Low-energy spectra on small tori
Let us first investigate the spin-1 chiral HAFM on
small 16-site and 20-site clusters with periodic boundary
conditions and full (or partial) point group symmetry,
enabling to a priori block-diagonalize the Hamiltonian
matrix according to the irreducible representations (IR-
REPs) of the cluster space group. We also use the total
Sz quantum number, enabling to reconstruct the exact
SU(2) multiplet structure of the energy spectrum.
5The low-energy spectra, split in the various IRREPs,
are shown in Fig. 2(a,b). For the Moore-Read state, we
expect to observe 3 quasi degenerate eigenstates on a
torus. In particular, their momentum quantum num-
bers can be obtained from a simple counting rules [58–
60] using partitions (2, 0, 2, 0, . . .), (0, 2, 0, 2, . . .) and
(1, 1, 1, 1, . . .), from which we predict that these 3 states
should be at the Γ point (K = (0, 0)) for 16- and 20-site
square clusters. However, no clear energy gap separating
a group of quasi-degenerate singlets from the rest of the
spectrum – the signature of the onset of topological GS
degeneracy – is seen. Still, the three lowest singlets are
indeed found at the Γ point. We believe the cluster sizes
are too small compared to some relevant bulk correlation
length.
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FIG. 2. Lanczos ED of the spin-1 chiral HAFM on a 4 × 4
(16-site) (a) and
√
20 × √20 (20-site) (b) tori. The various
columns correspond to different IRREPs of the space group
and different symbols are used to distinguish eigenstates with
different (total) spin quantum number. Momenta correspond-
ing to the respective Brillouin zones are shown on the right.
The GS energy has been subtracted for clarity.
B. Energy extrapolations
Let us first consider the results for the iPEPS en-
ergy density plotted in Fig. 3 as a function of D2/χ, for
D = 3, 4, 5 and various classes corresponding to different
virtual spaces. We only restrict here to the classes pro-
viding the best energies for a given choice of D. Note
that the variational energy is optimized up to a maxi-
mal value of χ = χopt which depends on D (typically,
χopt = 4D
2 = 100 for D = 5 and χopt = 3D
2 = 108 for
D = 6) and then a “frozen ansatz” is used for χ > χopt.
We observe that the energy density systematically de-
creases for increasing χ so that all data points can be
considered as exact variational upper bounds. In fact,
the data show a well-behaved scaling, almost perfectly
linear in 1/χ, so that accurate χ→∞ extrapolations of
the energy density can be obtained for each class. The
best energies have been obtained for virtuals spaces 1⊕ 12
(D = 5) and 1 ⊕ 12 ⊕ 0 (D = 6). Note also that 1 ⊕ 0
(D = 4) gives a better energy than 12 ⊕ 12 ⊗ 0 (D = 5) so
we believe the presence of a spin-1 in the virtual space
is essential to get good variational ansa¨tze. Note also
that the energy difference between the A and B PEPS
decreases rapidly with increasing D, and become negligi-
ble for D = 6. We believe the two ansa¨tze would describe
exactly the same state in the D →∞ limit.
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FIG. 3. iPEPS variational energies per site versus D2/χ.
Results for D = 5 and D = 6 have been extrapolated to the
χ → ∞ limit. A comparison to DMRG data obtained on
cylinders of width W (see text) and plotted versus 1/W (×4)
is shown.
We then compare the PEPS energies to the DMRG re-
sults in Fig. 3. The DMRG energy densities computed
on cylinders of various widths W (see details above) have
been (tentatively) extrapolated in the W → ∞ limit
showing nice agreement with the D = 6 iPEPS χ → ∞
extrapolation. This indicates that our symmetric chiral
PEPS provide good approximations for the true ground
state in the thermodynamic limit, albeit with relatively
small bond dimension D.
C. Correlation lengths
1. From the TM spectrum
Correlations lengths can be obtained from the lead-
ing eigenvalues of the χ2 × χ2 transfer matrix TMPS de-
6picted in Fig.1(f). Ordering the (real) eigenvalues as
t0 > |t1| > |t2| > · · · , one obtains decreasing correla-
tion lengths ξ
(n)
MPS, n ∈ N+, defined as
ξ
(n)
MPS = 1/ ln (t0/|tn|) . (5)
Note that the leading eigenvalue is non-degenerate (and
can be normalized to 1) while the sub-leading eigenval-
ues may be degenerate. This degeneracy provides infor-
mations on the type of local operators the correlation
length is associated to (see later). Alternatively, correla-
tion lengths ξ
(n)
E can obtained in the same way from the
χ2D2×D2χ2 transfer matrix TE, where a E tensor is in-
serted between the two T tensors (see Fig. 1(g)). Since T
describes the exact environment fixed point in the limit
χ → ∞, we expect ξ(n)E → ξ(n)MPS in that limit. Down
to χ = D2, the two sets of (leading) correlation lengths
remain quite similar so, in the following, we shall focus
on ξ
(n)
MPS for clarity.
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FIG. 4. Inverse of iPEPS (maximal) correlation length
1/ξ
(1)
MPS (see text) versus D
2/χ. The data for the four best
optimized PEPS of bond dimension D = 5 and D = 6 are
shown with different symbols according to legend. Dashed
lines are simple power-law fits, 1/ξ ' (D2/χ)α, α < 1.
The maximal correlation length ξ
(1)
MPS has been com-
puted in the best D = 5 and D = 6 PEPS (optimized up
to χ = 3D2) for increasing CTMRG dimension χ = kD2,
k ∈ N+, up to χ = 30D2 and χ = 17D2, respectively. Re-
sults for 1/ξ
(1)
MPS versus D
2/χ are shown in Fig. 4. Power-
laws fit the data well, suggesting that the maximal corre-
lation length diverges as ξ
(1)
MPS ∝ χα when χ → ∞, with
an exponent α < 1 (slow divergence). Hence, surpris-
ingly, the bulk seems critical, unlike the FQHS analog.
This is reminiscent of the spin-1/2 PEPS chiral spin liq-
uid which also seems to be critical (see comparison in
Appendix A).
To get more insights on the nature of the correlations in
the PEPS chiral SL we have investigated the subleading
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FIG. 5. Maximal and next four subleading correlation
lengths ξ
(n)
MPS, n = 1, ..., 5, in the D = 6 B1 + iB2 PEPS (op-
timized up to χ = 108), versus χ in log-log scale, and sorted
according to the degeneracy g of the corresponding TM eigen-
value |tn|. The dashed (straight) line corresponds to a simple
power-law divergence, ξ = Aχα, α = 0.46. For comparison,
spin and dimer correlation lengths are also shown.
correlation lengths ξ
(n)
MPS, n > 1. Since the A1 + iA2 and
B1+iB2 D = 6 chiral PEPS have very similar properties,
we shall focus, from now on, on the B1 + iB2 D = 6
PEPS. Results for the largest five correlation lengths are
plotted in Fig. 5 on a log-log scale, showing a rather
linear behavior over almost a decade. This confirms the
(slow) power-law increase ξ ∝ χα, α ' 0.46, also for the
subleading correlation lengths.
2. From the real-space correlation functions
In order to identify the type of physical operators
these correlation lengths may be associated to, we have
computed the spin-spin, (longitudinal) dimer-dimer and
chiral-chiral correlations versus distance (see Appendix B
for details) and extracted the corresponding correlation
lengths ξs, ξd and ξch from the long-distance behavior
as illustrated in Fig. 6(a). We find that ξs and ξd are
very close to the largest ξMPS with degeneracy g = 3 and
g = 1, respectively, consistent with triplet spin and sin-
glet dimer operators. In contrast to ξs and ξd, the chiral
correlation length grows very slowly suggesting that the
chiral correlation remains short-range. Interestingly, the
maximal correlation length ξ
(1)
MPS is of degeneracy g = 4
(which would naively correspond to a spin-3/2 opera-
tor) and hence cannot trivially be associated to a simple
local operator acting on a group of physical sites but,
perhaps, to chiral modes (see subsection IV C) counter-
propagating along the two chains of T tensors of the long
(TMPS)⊗Nh ladder, Nh  1.
Let us now examine in more details the form and the
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short range decay of the spin-spin and dimer-dimer correla-
tions. The correlation lengths are extracted from the expo-
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magnitude of the spin-spin and dimer-dimer correlation
functions at all length scales. First, at short distance, we
observe a rapid exponential fall-off characteristic of the
lattice Moore-Read spin liquid (as for the spin-1/2 chiral
PEPS, an ansatz for the lattice KL state). The length
scale associated to this short range behavior turned out
to be very short, around ξshort ∼ 0.6, as seen in Fig. 6.
More generally, one expects a sum of exponential con-
tributions with a distribution of length scales. In other
words, the spin-spin (or dimer-dimer) correlation func-
tion vs distance can be written as a discrete sum,
C(d) =
∑
ξshort≤ξ≤ξs
w(ξ) exp (−d/ξ) , (6)
where the short distance decay is characterized by
w(ξshort) ' 1 while, at long distance, the slower de-
cay exp (−d/ξs) takes over. Typically, we find that
ξs  ξshort and w(ξs)  1. In the limit χ → ∞,
one expects that the spectrum of the transfer matrix
becomes dense, so that one can use a continuous in-
tegral over all eigenvalues for computing C(d), namely
C(d) =
∫
ξ
dξn(ξ)w(ξ) exp (−dξ ), where n(ξ) is the density
of state. Fig. 5 suggests that the density of eigenvalues
is constant in log-scale so that n(ξ)dξ ∼ dξξ . In order
to extract the possible functional form of the correlation
function, it is now necessary to get the behavior of the
weight function w(ξ). To do so we have plotted w(ξs)
vs ξs and w(ξd) vs ξd in Fig. 7(a,b), using semi-log and
log-log scales. In fact, because of the limited range of
available maximal correlation lengths (obtained by vary-
ing the environment dimension χ), both exponential and
power-law fits give reasonable results, hence providing
different answers for the long-range correlations. Let us
examine each case separately.
Exponential decay of w(ξ) – Let us assume w(ξ) '
WD exp(−ξ/λD) in Eq. (6) as a legitimate ansatz, where
λD is a new emerging length scale and WD is some am-
plitude, which both depend on the PEPS bond dimen-
sion D. Typically, our fits in Fig. 7(a) give λ6 ∼ 2
(λ6 ∼ 1.5) for the spin-spin (dimer-dimer) correlations
of the D = 6 chiral PEPS. If this functional form is cor-
rect then C(d) ∼ WD
∫
ξ
dξ
ξ exp (−dξ − ξλD ) will show a
typical stretched exponential form at long distance,
C(d) ∼WD exp {−2(d/λD) 12 } , (7)
up to a possible power-law prefactor in d/λD. Hence,
in this case, the spin-spin and dimer-dimer correlations
would decay faster than any power-law. Interestingly, the
same functional form was also proposed for the spin-1/2
chiral PEPS [50].
Power-law decay of w(ξ) – Let us now assume w(ξ) '
WD/ξ
α and substitute it in Eq. (6). In that case, a simple
estimate of C(d) ∼ WD
∫
ξ
dξ
ξ exp (−dξ ) 1ξα gives a power-
lay decay at long-distance of the form
C(d) ∼WD (1/d)α . (8)
From the fits in Fig. 7(b) one gets estimates of the expo-
nents of the spin-spin and dimer-dimer correlation func-
tions, αs ∼ 2 and αd ∼ 3 respectively, for D = 6.
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FIG. 7. Weight associated to the exponential decay with the
maximal correlation length, as a function of the (maximal)
correlation length, in the B1 + iB2 chiral PEPS of bond di-
mension D = 5 and D = 6. (a) Semi-log plot. The straight
lines are exponential fits w(ξ) ∼ exp (−ξ/λ). (b) Log-log plot.
The straight lines are power-law fits w(ξ) ∼ 1/ξα.
Note that, in deriving (7) and (8), we have omitted po-
tential oscillatory (−1)d behavior of some of the exponen-
tial terms of (6), which may reduce the range of the cor-
relations. In any case, it is clear that the long-range tail
of the spin-spin and dimer-dimer correlation functions,
8for a fixed bond dimension D, is of quite small magni-
tude proportional to WD. Moreover, from Fig. 7(a,b), it
is also clear that the magnitude WD of w(ξ) decreases
strongly by increasing D. For example, WD associated
to the spin correlation length gets smaller by two orders
of magnitude, just by increasing D from 5 to 6. Hence,
we conjecture that this “gossamer” long-range tail is a
finite-D artifact of the chiral PEPS which should gradu-
ally disappear when increasing the bond dimension D.
D. Spin structure factor
The previous calculations of correlation lengths sug-
gest the D = 6 chiral PEPS exhibits a form of long range
tail, i.e. with a slower decay than a pure exponential
function. In the case of a power-law decay of the spin-
spin correlations like Cs(r) = Ws(1/|r|)α exp (iQAF · r)
(the antiferromagnetic wavevector QAF = (pi, pi) is con-
sistent with the data), the static spin structure fac-
tor S(q) =
∑
i exp (iq · ri)Cs(ri) would diverge when
q → QAF, only if α < 2. In contrast, in the case of
a stretched exponential form, as suggested by the data,
no divergence is expected at any momentum.
FIG. 8. Structure factor of the D = 6 B1 + iB2 chiral PEPS
along the path in the Brillouin zone shown in the inset, for
different values of the channel environment bond dimension
χ = 87 (blue), χ = 131 (red), χ = 158 (yellow), and χ =
185 (purple). Due to finite-χ effects we find slightly negative
values (of the order of the truncation error) at the Γ point;
in order to better compare the different χ we have shifted the
curves by this small offset.
In order to get more insight, we have computed the
spin structure factor in the D = 6 chiral PEPS, and
results are shown in Fig. 8. The results do not show any
sign of a divergence at any momentum, suggesting that
the decay of the spin-spin correlations at long distance
is relatively rapid and corresponds to a “gossamer” tail,
consistent either with (7) or with (8), provided α ≥ 2.
IV. EDGE MODES
A. Expected SU(2)2 counting
As suggested by Li and Haldane [61], the entangle-
ment spectrum (ES) offers a very powerful tool to iden-
tify topological order in Abelian and non-Abelian liquid
states since the latter is in one-to-one correspondence
with the edge states. Since our PEPS is expected to pro-
vide a reliable lattice representation of the Moore-Read
FQH state (apart from – we believe – a spurious long
range “gossamer” tail in some bulk correlations), the edge
modes should be described by a SU(2)2 WZW theory
for which the ES will provide indisputable finger prints.
The SU(2)2 WZW theory harbors 3 sectors whose towers
of states – obtained by combining a bosonic (harmonic
oscillator) mode with an independent Majorana-fermion
mode – are listed in Table II.
n\j 0 1
2
1
0 (0) ( 1
2
) (1)
1 (1) ( 1
2
)+( 3
2
) (0)+(1)
2 (0)+(1)+(2) 2( 1
2
)+2( 3
2
) (0)+2(1)+(2)
3 (0)+3(1)+(2) 4( 1
2
)+3( 3
2
)+( 5
2
) 2(0)+3(1)+2(2)
4 3(0)+4(1)+3(2) 6( 1
2
)+6( 3
2
)+2( 5
2
) -
5 3(0)+8(1)+4(2)+(3) 10( 1
2
)+10( 3
2
)+4( 5
2
) -
TABLE II. [Color online] Towers of states of the SU(2)2 WZW
model, in each of the three sectors characterized by the pri-
mary fields j = 0, 1
2
, 1 (listed in each column) and conformal
weights 1
4
j(j + 1). Each line corresponds to a Virasoro level
indexed by n. For each sector and each level, the (quasi-
) degenerate states can be grouped in terms of exact SU(2)
multiplets like n0(0) + n1(1) + · · · (meaning n0 singlets, n1
triplets, etc...).
B. Bulk-edge correspondence
Let us now consider the chiral PEPS |ΨPEPS
〉
on an in-
finitely long (horizontal) cylinder of finite circumference
Nv, and a bipartition along a vertical cut into two right
(R) and left (L) semi-infinite cylinders. One can then de-
fine the reduced density matrix (RDM) ρ of, let say, the
L part by taking the trace of |ΨPEPS
〉〈
ΨPEPS| over the
(physical) degrees of freedom of the R part. Rewriting
the positive operator ρ as exp (−Hb), where Hb = − ln ρ
can be viewed as a “boundary” Hamiltonian, Li and Hal-
dane conjectured [61] that the spectrum of Hb – dubbed
entanglement spectrum – is in one-to-one correspondence
with the actual edge spectrum of the partitioned system.
Therefore, the ES should exhibit crucial information on
the nature of the chiral edge modes which, in turn, can
provide a precise characterization of our chiral SL.
To compute the ES on a cylinder, one can use the
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FIG. 9. (a) Cylinder transfer matrix. (b) Boundary (right)
vector obtained by contracting Nv (= 6 here) environment T
tensors on a ring is reshaped into the RDM ρR.
PEPS bulk-edge correspondence theorem [62] that pro-
vides an exact relation between the RDM – whose sup-
port is the 2D half-cylinder physical Hilbert space – and a
1D (positive) operator σ2b only acting on the D
Nv virtual
degrees of freedom of the ”cut”. The above fundamental
relation involves an isometry that preserves the spectrum
and [62]
σ2b =
√
σTLσR
√
σTL , (9)
where σL (σR) is obtained from the cylinder TM (shown
in Fig. 9(a)) left (right) leading eigenvector of dimension
(D2)Nv , reshaped as aDNv×DNv matrix. Here, σTL = σR
so that σb = σR. In previous work on spin-1/2 chiral spin
liquids [41], σ2b was obtained for a simple chiral D = 3
PEPS by exact tensor contractions, multiplying recur-
sively the cylinder TM to get the leading eigenvector.
For our D = 6 chiral PEPS such a procedure is no longer
possible and one has to rely on approximate contraction
schemes. Below we describe two methods to compute σb,
either using our previous knowledge of the iPEPS envi-
ronment or using a uniform MPS implementation.
C. Finite Nv calculation using CTMRG
First, we construct the half-cylinder leading eigenvec-
tor using the previously obtained T tensor, (i) by con-
tracting Nv such tensors on a ring of Nv sites, and (ii)
by reshaping this vector into a σb matrix, as shown in
Fig. 9(b). In this procedure, the CTMRG parameter χ
becomes the only control parameter of the approximate
calculation of the ES for finite Nv. Note however that,
strictly speaking, the calculation does not become exact
in the χ → ∞ limit since T is computed for an infi-
nite system. However, this procedure may be more ad-
vantageous in the sense that it may reduce some of the
finite-size effects in the ES, in comparison to the exact
contraction method.
In order to compute the ES, we first block-diagonalize
the edge operator σb using the exact symmetries of the
PEPS, namely (i) its Z2 gauge symmetry – leading to
even and odd sectors – (ii) its full SU(2)-spin rota-
tional invariance – leading to sectors labelled by the total
spin projection Sz and (iii) its translational invariance –
leading to sub-sectors labelled by the edge momentum
K = n 2piNv , n ∈ Z. First, as for the spin-1/2 chiral
PEPS [41, 42], the even (odd) topological gauge sector
only contains the integer (half-integer) Sz sectors. Sec-
ondly, because of the chosen pi-spin rotation on the sites
of the B-sublattice (in order to deal with the same unique
tensor on the A and B sites), the Sz operator acquires a
minus sign under an odd number of lattice translations,
so that only (i) |Sz| and K or (ii) Sz and K [mod pi] can
be considered simultaneously.
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FIG. 10. Entanglement spectrum of the B1 + iB2 D = 6
chiral PEPS for Nv = 6 (see text), versus edge momentum K,
computed for χ = 216. Different symbols correspond to dif-
ferent values of |Sz|, showing that the spectrum is composed
of exact SU(2) multiplets with integer (a) and half-integer
spins (b). Dashed lines correspond to the low-energy chiral
CFT modes.
The entanglement spectrum of the D = 6 B1 + iB2
PEPS has been computed on a Nv = 6 site ring from the
T environment tensor with χ = D2 = 36, χ = 4D2 = 144
and χ = 6D2 = 216. Data for χ = 216 are shown in
Fig. 10 in the range [−pi, pi) (the complete spectrum for
χ = 144 is also shown in Fig. B.3 in the Appendix C).
Two low (quasi-)energy chiral branches emerge, linearly
dispersing in one direction only, separated by momentum
∆K = pi. By grouping together the degenerate energy
levels at K and K + pi, one obtains exact SU(2) multi-
plets that can be labeled by their total spin S quantum
number [63]. The same spectrum can then be plotted for
K ∈ [0, pi[, mod pi, labelling now the levels according to
their spin S, as shown in Fig. 11. In this way, in each
topological sector, the two branches merge into a unique
chiral branch composed of groups of quasi-degenerate ex-
act SU(2) multiplets, labeled as ⊕SmaxSmin nS(S), nS ∈ N.
Examining carefully each group of multiplets, for increas-
ing momentum K = n 2piNv , we find that their content
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agrees exactly – at least up to the fourth level – the
prediction of the SU(2)2 WZW conformal field theory of
central charge c = 3/2, characterized by a bosonic mode
combined with an Ising anyon (or “Majorana fermions”).
A comparison with the ES of the spin-1/2 CSL is shown
in Appendix C, showing a very distinct SU(2)1 CFT
counting.
Note that the third j = 1 topological tower cannot
be derived straightforwardly since, it probably requires
the insertion of a string of Z2 “vison” operators in the
cylinder direction (see Ref. 41 for the case of the simple
spin-1/2 CSL). The representation of the vison operator
in the dimension-χ fixed-point basis is not known.
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FIG. 11. Close-up of the low (quasi-)energy entanglement
spectrum of the D = 6 chiral PEPS for Nv = 6 versus K [mod
pi] (see text). Comparison of the spectra for χ = 144 (a,b)
and χ = 216 (c,d) is shown showing an almost convergence
with χ. The expected j = 0 and j = 1/2 chiral modes of the
WZW SU(2)2 theory appear at the bottom of the Z2-even
(a,c) and Z2-odd (b,d) sectors of the ES, respectively. The
SU(2)-multiplet content of each group of levels is indicated,
in agreement with the CFT prediction (except for the blue
boxes where a few levels are missing).
D. Uniform MPS calculation
We can also characterize the entanglement spectrum
using uniform MPS techniques. We take the fixed point
of the PEPS transfer matrix, interpret it as a matrix-
product operator ρ (with bond dimension χ) represent-
ing the boundary Hamiltonian as ρ = exp(−Hb) in the
thermodynamic limit directly. The fixed point of this
MPO corresponds to the ground state of the boundary
Hamiltonian Hb, which we can, again, approximate as a
uniform matrix product state. In particular, we can plot
the scaling of the bipartite entanglement entropy of this
uniform MPS as a function of the its correlation length,
which is known [64] to be related to the central charge as
S ∝ c6 log(ξ). As shown in Fig.12(a), this provides clear
evidence that the boundary theory is described by a CFT
with central charge c = 3/2. In addition, we can com-
pute the spectrum of Hb by applying the quasiparticle
excitation ansatz [65]. In Fig. 12(b) we have plotted the
entanglement spectrum, showing the signature of a chi-
ral spectrum. The presence of a very steep ”left-moving”
branch and a small modulation on top of the linear dis-
persion are the consequence of the finite-χ approximation
of ρ.
(a) (b)
FIG. 12. (a) The bipartite entanglement entropy as a func-
tion of the correlation length for MPS approximations (with
increasing bond dimension χ′ = 50→ 100) of the fixed point
of ρ ≈ exp(−Hb); the three data sets are for different values
of the bond dimension χ of the MPO approximation for ρ:
χ = 87 (blue), χ = 131 (red) and χ = 158 (yellow). The
lines are fits to the data points with S ∝ c
6
log(ξ), where we
find cχ=87 = 1.187, cχ=131 = 1.429, cχ=158 = 1.462. (b) The
spectrum of Hb as computed with the quasiparticle ansatz on
the MPO approximation ρ ≈ exp(−Hb) with bond dimension
χ = 158 in the thermodynamic limit.
11
V. SUMMARY, DISCUSSION AND OUTLOOK
Our iPEPS study provides the first investigation of a
(fine-tuned) spin-1 frustrated Heisenberg model on the
square lattice, which includes a time-reversal breaking
plaquette term. The ES and the scaling of the entangle-
ment entropy provide smoking gun evidence of SU(2)2
chiral edge modes with central charge c = 3/2, consistent
with a bulk non-Abelian CSL realizing, on the lattice, the
Moore-Read FQH state.
However, our results also point towards long-range be-
havior of some bulk correlations (such as spin-spin or
dimer-dimer correlation functions) which may be alge-
braic or more rapidly decaying (as e.g. for a stretched ex-
ponential). We argue that, although this behavior might
be generic in a chiral PEPS (see the exact proof for Gaus-
sian PEPS in Ref. 51) it is a spurious artifact which does
not constitute a real obstruction for accurate investigation
of truly gapped CSL ground states of simple (frustrated)
quantum spin Hamiltonians. First, we note that chiral
edge modes can be truly gapless only if the effective one-
dimensional PEPS boundary Hamiltonian Hb (acting on
the virtual space) is long range, which in turn implies,
from the PEPS bulk-edge correspondence [62], that the
(maximal) bulk correlation length indeed diverges. How-
ever, our results also show that this divergence is con-
nected to a long-range tail in some physical correlation
functions, whose magnitude is already quite small for
D = 6 and seems to decrease rapidly with the tensor
bond dimension. This suggests that this “gossamer” tail
will gradually disappear when D → ∞, even with no
practical effect to faithfully approximate a gapped CSL
(as far as energy, short and intermediate range corre-
lations, edge mode physics, etc... are concerned) with
a finite-D chiral PEPS. Therefore, the PEPS formalism
seems to be an unbiased efficient method to investigate
other non-Abelian CSL in higher spin SU(2)-invariant
HAFM (with or without explicit time-reversal breaking)
and in SU(N) models.
Lastly, we comment on possible experimental realiza-
tions of Hamiltonian (1). Let us start from a two-orbital
Hubbard model with on-site Hubbard and (ferromag-
netic) Hund couplings, and hoppings on both NN and
NNN sites, respectively. In some limit of very large Hub-
bard and Hund couplings, only localized spin-1 degrees of
freedom can be retained on the sites and two-site spin in-
teractions appear in second order in the hoppings. More-
over, if an orbital flux is including in the plaquettes of the
square lattice (breaking time-reversal symmetry), then
chiral terms appear in third order of the hoppings. As
suggested in Refs. 31 and 32 (although for the spin-1/2
case), such Hamiltonians can be realized using e.g. ul-
tracold atoms loaded on optical lattices in the presence
of a synthetic gauge field [66].
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Appendix A: Comparison of the correlation lengths
in the spin-1 and the spin-1/2 chiral HAFM
The maximal correlation length ξ
(1)
E of the spin-1 chiral
PEPS has been obtained from the two largest eigenvalues
of the TE transfer matrix depicted in Fig.1(g). Its diver-
gence with χ was shown to track the one of the dimer-
dimer correlation length. In Fig. A.1 we compare ξ
(1)
E in
the spin-1 D = 5 and D = 6 chiral PEPS to the dimer-
dimer correlation length in the related spin-1/2 chiral
HAFM, for two choices of the model parameter consid-
ered in Ref. [50]. The behaviors of the spin-1/2 and spin-1
chiral PEPS are very similar, both being consistent with
a power-law divergence (as shown by the dashed line fits).
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FIG. A.1. Comparison between the inverse iPEPS (maximal)
correlation length ξ
(1)
E (see text) of the spin-1 chiral HAFM
(a) and the inverse iPEPS (dimer) correlation length ξdimer
of the spin-1/2 chiral HAFM (b). The data for the four best
optimized spin-1 PEPS of bond dimension D = 5 and D = 6
are shown in (a). In (b), open and closed symbols correspond
to two different sets of the Hamiltonian parameters given by
J1 = Kc = 1, J2=0 (open symbols) and J1 = 0.89, J2 = 0.42
and Kc = 0.375 (closed symbols). Dashed lines are simple
power-law fits, 1/ξ ' (D2/χ)α, α < 1.
Appendix B: Computing correlation functions with
iPEPS
Correlation between any two (local) operators can
be obtained by using infinitely-long strips (running, let
say, along the x-direction) bounded on each side by
lines of fixed-point T environment tensors, as shown in
Fig. B.2(a-e). Depending on the type of operator to be
considered, a single line or two lines of E tensors have
to be inserted between the two (infinitely-long) bound-
aries. The new fixed point environment on the left side
(right side) of the left-most (right-most) operator is then
constructed, as shown in Fig. B.2(a,b). Two single-site,
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two-site or four-site operators like
Ospini = Si,
Odimeri = Si · Si+ex , (B1)
Ochirali = Si · (Si+ex × Si−ey ) + Si · (Si+ex−ey × Si−ey ),
+Si· (S i+ex × Si+ex−ey ) + Si+ex · (Si+ex−ey × Si−ey ),
where ex (ey) is the unit vector along (perpendicular)
to the strip are then inserted at a distance d, as shown
in Fig. B.2(c-e). The corresponding correlation functions
can then be computed by applying d − 1 or d − 2 times
the TM between the two operators. Note that, when
the local operator has a finite expectation value, the
connected correlation function is computed, i.e. mak-
ing the replacements Odimeri → Odimeri −
〈
Odimeri
〉
and
Ochirali → Ochirali −
〈
Ochirali
〉
.
(a) (b)
d
(c)
d
(d)
d
(e)
FIG. B.2. The fixed point environments for strips with
a single line (a) or with two lines (ladder) (b) of E tensors
are obtained as leading eigenvectors of the transfer matrices
marked by dotted boxes. Strips to compute spin-spin (c),
(longitudinal) dimer-dimer (d) and chiral-chiral (e) correla-
tions, inserting two spin, dimer or chiral operators within the
E tensor(s) at distance d.
Appendix C: Additional data on the entanglement
spectrum for Nv = 6
For completeness we provide in Fig. B.3 the full en-
tanglement spectra in the j = 0 and j = 1/2 topological
sectors, computed from a ring of Nv T environment ten-
sors at χ = 144. Note that in the gauge chosen to write
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FIG. B.3. Complete entanglement spectrum of the B1 + iB2
D = 6 chiral PEPS for Nv = 6, versus edge momentum K.
Different symbols correspond to different values of |Sz|, show-
ing that the spectrum is composed of exact SU(2) multiplets
with integer (a) and half-integer spins (b). Dashed lines cor-
respond to the low-energy chiral CFT modes.
down the PEPS (convenient for CTMRG), the generator
of the spin-SU(2) group are invariant under even trans-
lation and since Sz → −Sz under odd translations. As
a consequence Sz is defined up to a sign. This also im-
plies that the 2S+1 states of the SU(2) spin-S multiplets
(labelled by |Sz| instead of Sz) are split between momen-
tum k and momentum k + pi, as can be checked directly
in Fig. B.3. Note that the two dashed lines at low energy
correspond, in fact, to a unique chiral mode as it becomes
clear by plotting the spectrum in the reduced Brillouin
zone [0, pi[ (see main text). Note that the spectrum can
be “unfolded” and plotted in the full Brillouin zone while
still keeping the full SU(2) multiplet structure by using a
different gauge for the PEPS that does not preserve the
full rotation symmetry of the local tensor [67].
Since the ES of the D = 6 chiral PEPS is computed
using the CTMRG fixed-point tensor T , a systemic finite-
χ error seems inerrant to the calculation. Nevertheless,
one can argue that the results should saturate once, typi-
cally, the correlation length ξ
(1)
MPS(χ) becomes bigger than
the system size Nv. The ES obtained for χ = 36 and
χ = 144, for which ξ
(1)
MPS ∼ 2.8 and ξ(1)MPS ∼ 5.8 respec-
tively, are compared in Fig. B.4(a-d). Clearly, the spectra
for χ = 36 are not fully converged, e.g. the 4th j = 0
Virasoro level (shown by the green box) containing spu-
rious S = 0 and S = 1 multiplets. The correct SU(2)2
counting is obtained for more levels for χ = 144. Since
ξ
(1)
MPS(χ = 144) ∼ Nv, we expect that this spectrum is
already quite close from the exact ES of the D = 6 chiral
PEPS on an infinitely-long cylinder of perimeter Nv = 6.
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FIG. B.4. Comparison between entanglement spectra of the B1 + iB2 D = 6 chiral PEPS (for Nv = 6) computed using the
iPEPS T tensor obtained either with χ = D2 = 36 (a,c) or with χ = 4D2 = 144 (b,d).
